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Abstract: The CAH+ measure regulates the infinite spacetime volume of the multiverse by 
constructing a surface of constant comoving apparent horizon (CAH) and then removing the 
future lightcones of all points on that surface (the latter prescription is referred to by the "+" 
in the name of the measure). This measure was motivated by the conjectured duality between 
the bulk of the multiverse and its future infinity and by the causality condition, requiring 
that the cutoff surfaces of the measure should be spacelike or null. Here we investigate 
the phenomenology of the CAH+ measure and find that it does not suffer from any known 
pathologies. The distribution for the cosmological constant A derived from this measure is in 
a good agreement with the observed value, and the distribution for the number of inflationary 
e-foldings satisfies the observational constraint. The CAH+ measure does not exhibit any 
"runaway" behaviors at zero or negative values of Lambda, which have been recently shown 
to afflict a number of other measures. 
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1. Introduction 

The most persistent unresolved problem of inflationary cosmology is the measure problem. 
The crux of the problem is that the numbers of all kinds of events occurring over the course 
of eternal inflation grow exponentially with time and become infinite in the limit. Whatever 
cutoff method is used to regulate these infinities, most of the events occur close to the cutoff, 
so the resulting probability measure depends sensitively on the cutoff prescription. 

A number of different measures have been proposed, and many of their properties have 
been investigated. (For recent discussion, including references, see for example [Q, |2|, ^, ^, ^.) 
This work has shown that some of the proposals are not viable, since they lead to paradoxes or 
to conflict with observations. It seems unlikely, however, that this kind of phenomenological 
analysis will yield a unique prescription for the measure. 

The choice of measure should ultimately be determined by the underlying fundamental 
theory. In this spirit, it was proposed in [^, 0] that the dynamics of the inflationary multiverse 



has a dual description in the form of a lower-dimensional Euclidean theory defined on the 
future boundary of spacetime. The measure of the multiverse can then be related to the 
short-distance cutoff in that theory. Related ideas have been explored in [^, P] . 

Even without knowing the specific form of the boundary theory, one can try to deduce 
some properties of the resulting measure. In particular, it has been argued in |jl^ that 
in spacetime regions with a slowly varying expansion rate H, the corresponding cutoff sur- 
faces are the surfaces of constant comoving apparent horizon (CAH). Extension of the cutoff 
to regions where the variation of H is not slow will require a better understanding of the 
boundary-bulk correspondence. In the meantime, it was suggested in [|lO| that we could for- 
mulate a simple measure prescription which has no apparent pathologies and agrees with the 
CAH cutoff in regions of slow H variation. The hope is that such a prescription may be useful 
as a simple model of the measure until further progress is made. 

A guiding principle that can be used to extend the CAH cutoff is the causality condition. 



which requires that the cutoff surfaces should be spacelike, or in the limiting case null [10]. 
Otherwise the resulting measure could assign nonzero probabilities to some events in the 
absence of their causes. (An additional reason for imposing this condition in ||l^ was that 
the holographic prescription adopted there identified the cutoff surfaces with the spacelike 
3D surfaces on which the wave function of the universe is defined.) We shall see in the 
next section that constant CAH surfaces generally include timelike segments, so they do not 
qualify as cutoff surfaces in the entire spacetime. This problem can be fixed by introducing an 
additional simple rule which enforces causality. It says that, given a constant CAH surface S, 
we should remove the spacetime region to the future of S. As a result S is replaced by a new 
cutoff surface S+, which is the boundary of the future of S.^ If S is spacelike, then S_|_ and S 
are the same, but if S includes timelike segments, it will be modified in such a way that S_|_ 
is not timelike anywhere. The surface S_|_ will generally include null segments, but these can 
be made spacelike by an infinitesimal deformation of the surface. The corresponding measure 
was called the CAH-I- measure in [10|. 



This paper studies the phenomenological properties of the CAH-I- measure, in particular 
its predictions for the cosmological constant and for the density parameter. In the next 
section we review the definition of the apparent horizon and discuss some relevant properties 
of constant CAH surfaces. The phenomenology of the CAH-I- measure is discussed in Section 
y. To put this analysis in a wider context, in Section |^ we review the key phenomenological 
properties of some other measure proposals. Our conclusions are summarized and discussed 
in Section ||. 

2. The CAH+ measure 

2.1 Definition 

We first need to define what is meant by the apparent horizon (AH) in a general spacetime. For 

^A similar modification (but with a diflterent motivation) was suggested for the scale-factor cutoff measure 
in§. 



any spacelike 2D surface S we can construct two null hypersurfaces emanating orthogonally 
from S to the future, one corresponding to outward and the other to inward directed light rays. 
We shall call S an AH if the outward going null geodesies are expanding, while the inward 
going null geodesies have zero expansion (that is, they are neither diverging nor converging as 
they leave 5).^ An apparent horizon defined in this way is a marginally anti-trapped surface. 
The next step is to define the CAH. We start with a smooth segment of spacelike hyper- 
surface Eq, located in an inflating region of some Hubble rate Hq and having three-curvature 
l-R^^'l <^ Hq. We then construct a future-directed, timelike geodesic congruence orthogonal 
to So, labeling the geodesies by their starting points x on Sq. The scale factor a(x, r) can be 
defined as the cubic root of the volume expansion factor along the geodesic at x in a proper 
time r, with r = and a(x, 0) = 1 on Sq. The expansion rate of the congruence is 

/f(x,r)=d(x,r)/a(x,r), (2.1) 

where dots stand for derivatives with respect to r. 

Let us first assume that the spacetime can be locally approximated as FRW, with our 
geodesic congruence playing the role of comoving geodesies. This should be a good approx- 
imation in inflating regions away from bubble walls and in thermalized regions, as long as 
effects of structure formation can be neglected (we expect such effects to be small on the scale 
of the AH). In this case the AH surfaces lying in three-spaces orthogonal to the congruence 
are spheres of radius, tah = H~^{x,t). The comoving apparent horizon radius is then 

rcAH(x, r) = [a(x, t)H{^, t)] "^ = d'^x, r) . (2.2) 

It is convenient to deflne the cutoff foliation in terms of the inverse of this quantity, the "CAH 
time" 

e^r^i^ = a. (2.3) 

In general, the AH surfaces will not be spherical, and this leads to an ambiguity in the 
deflnition of the CAH. We could, for example, define a constant CAH hypersurface S by 
requiring that all AH surfaces on S enclose the same volume or have the same maximal 
extent when projected along the geodesic congruence onto the hypersurface Sq. At the level 
of our present understanding we cannot give preference to any of the alternative definitions, 
but we do not expect these differences to significantly affect the measure. We shall therefore 
choose the simplest option and use the prescription of ( |2.2| ) in what follows. The quantity 
rcAH in (|2.2|) can be interpreted as the average CAH radius. 



2.2 Practical application and approximations 

In the calculations below we adopt a number of simplifying assumptions and approximations, 
which we now discuss. 



^Note that this definition is different from that given by Bousso in [hl|. We define AH as a 2D surface, while 
Bousso defines it as a 3D hypersurface. Also, his definition refers to a specific observer, and the AH surface 
depends on the entire observer's worldline. In contrast, our definition depends only on the local geometry. 



We consider our universe to be part of a Coleman-De Luccia (CDL) bubble [|12|, nu- 
cleating in an eternally- inflating parent vacuum characterized by the Hubble rate Hp. In 
this context an additional period of (slow-roll) inflation within the bubble is necessary, to 
redshift the initial spatial curvature of the bubble to observationally acceptable levels. We 
approximate this as N e-folds of exponential expansion with Hubble rate ~ H^- 

To be precise, CDL bubble nucleation generates a bubble geometry of the form 

ds'^ = -dr^ + a'^{T) \df + sinh2(^) dQl] , (2.4) 

where dQ2 is the infinitesimal line element on the unit two-sphere, and we use the symbol a for 
the scale factor in the bubble, to distinguish it from the more global notion referred to above. 
(We everywhere assume 3+1 spacetime dimensions.) A scale- factor solution corresponding 
to inflation characterized by asymptotic Hubble rate H^ (after an initial period of curvature 
domination, which is necessary to match to the CDL instanton boundary conditions) is 

a{T) = H^^ smli{HAT) . (2.5) 

We assume inflation ends (abruptly) at r^ = NH^ . This makes precise what is meant by 
the inflationary Hubble rate H^i and the number of e-folds N. After inflation we assume in- 
stantaneous reheating, followed by radiation domination, non-relativistic matter domination, 
and then either spatial-curvature domination or cosmological constant domination, consistent 
with the observed big-bang evolution, except allowing for uncertainty as to the size of A (and 
thus allowing for curvature domination preceding A-domination) . 

To determine the location of the CAH cutoff, we need to track the evolution of the CAH 
time 9 along a congruence of timelike geodesies that begin in the parent vacuum and enter 
the bubble. The details of the calculation are a bit complicated, and have been relegated 
to Appendix ^. For simplicity we assume that the bubble radius at nucleation is much 
smaller than the Hubble radius H~^. We also disregard the effect of the bubble wall on 
the geodesies that pass through it. Otherwise our analysis is general, but the results can be 
further simplified if we assume the vacuum energy in the parent vacuum to be significantly 
larger than the infiationary energy density in the bubble, Hp S> H^- We shall adopt this 
simplification below (the results are qualitatively unchanged for H^ ~ -f^p)- 

2.3 CAH and CAH+ cutoff surfaces 

The CAH time in the bubble must be defined with respect to some "initial" constant-CAH- 
time hypersurface Sq, which we momentarily place in the parent vacuum. Then, at times 
r ^ H^ during infiation in the bubble, the CAH time is 

0infir,O = \One^+'''^\ (2.6) 

where the factor 9^ corresponds to the CAH time at the point of bubble nucleation. 

To solve for the scale-factor evolution after inflation, we assume instantaneous transi- 
tions between radiation domination beginning at r = r*, non-relativistic matter domination 



beginning at r = r^q, spatial-curvature domination beginning at r = Tc, and/or cosmological- 
constant domination beginning at r = r^, matching the scale factor and its first derivative 
at each transition. (The details are presented in Appendix ^.) The CAH time is likewise 
obtained by matching; thus the CAH time after inflation is given by substitution into 

^(r,e) = ^inf(r.,0 54. (2.7) 

a(T"*) 

For example, during radiation domination we have 

^rad(r, = ^ 0ne«+^(2FdT - 2N + 1)"'/' . (2.8) 

From the definition of 9 it follows that 

6 = a, (2.9) 

so the CAH time grows with proper time along the geodesies in the inflating regions of 
spacetime, where a > 0. On the other hand, in thermalized regions, which include radiation, 
matter, and curvature dominated epochs inside the bubbles, a < and 6 decreases along 
the geodesies. Thus, if a comoving geodesic reaches a thermalized region before reaching the 
cutoff CAH time ^cut ) it will traverse the entire thermalized region without reaching 6cut ■ For 
Minkowski bubbles (A = 0) and AdS bubbles (A < 0), CAH time decreases all the way up to 
future infinity / the big crunch singularity (in the former case 6 asymptotically approaches a 
constant). Only in bubbles with A > does 9 again increase with FRW time, when A comes 
to dominate the universe. 

To illustrate these dynamics, in Figure || we project two constant-0 hypersurfaces onto 
a conformal diagram of positive-A CDL bubble nucleation (the spatially-flat de Sitter chart 
of the parent vacuum covers only the upper-left half of the diagram). In this diagram, Si 
represents a CAH time that does not probe beyond the inflationary epoch in the bubble, and is 
therefore entirely described by ( |2.6| ) in the bubble. As the CAH time 9 is increased, the curve 
migrates to larger FRW times, and its image on the diagram flattens out. For sufficiently 
large 9 and sufficiently small ^, the curve probes beyond the inflationary epoch in the bubble. 
Then, since 9{t, ^) decreases with FRW time r along constant- and decreasing-^ trajectories, 
the curve runs toward increasing values of ^ as r is increased. This persists until cosmological- 
constant domination, when 9 again increases with r along constant-.^ trajectories, and the 
curve runs to smaller ^ for increasing r, until it reaches .^ = 0. The curve S2 represents a 
cartoon of such dynamics. 

Consider for example the FRW geodesic labeled 7 in Figure |^. This geodesic reaches 
the cutoff value Scut on the surface S2 while it is still in the inflating region. Beyond this 
point, 9 continues to grow until the end of inflation. Then it decreases until the value Scut is 
reached again. This is where the geodesic crosses S2 for the second time. After this crossing, 
9 keeps decreasing until the onset of A domination, where it starts to grow again, and finally 
reaches Scut for the third time, at the third crossing of E2. If the cosmological constant had 




Figure 1: Two constant-CAH time hypersurfaces, Ei and S2 (thick, solid curves), intersecting 
and extending into a bubble universe. The thin, solid curves correspond to constant-i (constant-r) 
surfaces, while the thin, dotted curves correspond to constant-r (constant-^) surfaces, in the parent 
vacuum (bubble). The thick, dashed line approximates the bubble wall, while the thick, dotted line 
represents the cutoff imposed by the CAH+ measure prescription. A comoving FRW geodesic 7 is 
indicated by the dashed line. (See main text.) 



been precisely zero, the CAH time 9 would never have resumed increasing with FRW time, 
and S2 would continue to run to larger values of ^ as r is increased, until reaching spacelike 
infinity. The geodesic 7 would then cross S2 only twice, while FRW geodesies at sufficiently 
small values of ^ would never cross S2. The same qualitative picture applies for negative A. 

Now, the CAH-|- prescription requires that we remove all points in the future light cone 
of any point on the constant-CAH surface E. This leaves Si unchanged, but it does modify 
E2, replacing a part of it with a null hypersurface, as indicated by the thick, dotted line in 
Figure |l[ 

So far we have discussed the constant CAH-time foliation in a CDL bubble, which is de- 
fined with respect to a spatially flat initial hypersurface Sq in the parent vacuum. One might 
worry about the generality of this setup. However, during exponential expansion, timelike 
geodesies rapidly converge to comoving worldlines in the spatially-flat foliation. Furthermore, 
at late times in a positive vacuum-energy bubble, the CAH-time foliation asymptotes to that 
of a spatially- flat de Sitter chart (see Appendix ^. This means it is not important for the 
hypersurface Sq to be flat or to have been drawn in the parent vacuum, as opposed to in any 
previous ancestor vacuum. Any spacelike hypersurface Sq would do, as long as it is placed 
sufficiently deep in the past of the bubble nucleation event. 



2.4 Prior distribution 

The bubble nucleation time 6^, although a constant with respect to the evolution of 9{t, ^) 



in any given bubble, does depend on the history of the subset of the congruence entering the 
bubble. The statistical properties of 6^ are determined by the coarse-grain rate equation, 
which tracks the three-volume Vj occupied by a given vacuum i on surfaces of constant CAH 
time 6, averaging over (proper) timescales that are large compared to the relevant Hubble 
times, but small compared to the the relevant inverse decay rates. ^ 

It is convenient to start with the rate equation in terms of scale- factor time t |l^, |l| , 

dV^{t) 



dt 



3Vi(t) + Y, ^uVi(t) - Y. ^J-^^i(*) ' (2.10) 



where Kjj = (47r/3)i/~ Tij is the dimensionless decay rate. This equation is understood to 
apply only to de Sitter vacua i, and the first term on the right-hand-side accounts for the 
volume expansion during positive vacuum energy domination. The second the second term 
sums over bubble nucleations of vacuum i in other vacua j, and the last term sums over 
decays of vacuum i to vacua j. The last sum is understood to run over de Sitter and Anti-de 
Sitter (and Minkowski) vacua (the first sum can also be taken to run over all vacua, however 
only de Sitter vacua contribute since the other transition rates are zero). 

To convert to CAH time, first note that the difference between two scale-factor times 
evaluated at two points "1" and "2" along a given geodesic can be written 

t2-ti= ln(a2/ai) = ^(^2/^1) - HH2/H1) , (2.11) 

where we have used t = Ht = ln(a) = \u.{9 /H) in the spatially-flat slicing of de Sitter space, 
and the subscripts denote at which point a given quantity is evaluated. It can be shown that 
this relationship between scale-factor and CAH times holds not only within a single bubble 
(where H2 = Hi), but also along a geodesic traversing two or more bubbles, so long as the 
proper time between points "1" and "2" is much larger than the Hubble time. 

We have made the scale-factor time dependence of ( |2.1C ) explicit to make clear that 



converting to CAH time involves not only changing the differential time element, 

dt -^ dln{9/eo), (2.12) 

with ^0 here being an arbitrary scale, but also changing the volume Vj{t), since surfaces of 
constant scale-factor time are not surfaces of constant CAH time, in the presence of bubble 
nucleations. In particular, the volume expansion factor in terms of scale-factor time is e^*, 
and therefore the logarithmic offset of (|2.11 ) corresponds to a shift in time with concomitant 



volume expansion factor {Hi/H2)^ — )■ {Hj/Hif' multiplying Vj. Thus, 

-^^^ = ^vm + E ^^^ i^^i^^f ^^•(^) - E ^^■^^^(^) ■ (2-13) 

Note that this is also the rate equation for the lightcone time measure of |8|, ^ , since lightcone 
time and CAH time are equivalent within de Sitter vacua. 



'We thank Daniel Harlow for pointing out a mistake in a previous analysis. 



It is convenient to define the quantity 

f^ = HfVi , (2.14) 

so that the rate equation can be written 

dfi 



dln{e/6o 



'jji + / _, l^ijjj / _, l^jiji ■ (■^•l^j 
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The equation is now a simple change in variables from that studied in jT^, ||]. In particular, 
at late times the solution can be written 

U{e) = si{e/9of~'i + ..., (2.16) 

where g > is the smallest-magnitude eigenvalue of the transition matrix Kij — Sij ^^ K^i, Sj 
is the corresponding eigenvector, and the ellipses denote terms that fall off faster than 9~'^. 
Using ( p. 14 ) to solve for Vj, we find 



V,{e) « Si {do/Hiy {9/Hif-i , (2.17) 

Therefore, the number of bubble nucleations of type i in a CAH time interval dO is 

dr 

dM^{e) = Y^ T,j Vj{e) -TE de o^Y^ K^jSj e^-'^ de . (2. is) 



J 



(The factor dr/dO in the first expression arises because the rate Fjj is given per unit proper 
time in the vacuum j.) In practice, the exponent q is on the order of the smallest (dimen- 
sionless) decay rate among positive-energy vacua in the landscape, and is therefore negligible 
next to the power of two. The factor 

PiCcy^KijSj (2-19) 

j 

gives the relative number of bubbles of type i below the cutoff. It can be regarded as the 
"prior" probability for this type of bubble. 

3. Phenomenology 



Section 2.2 describes evolution of CAH time ^ as a function of the coordinates (r, ,^) in a CDL 
bubble. To make predictions, we set a cutoff value ^cuti and compute statistics according to 
the relative numbers of different types of events between the initial hypersurface Sq and the 
cutoff hypersurface Scut- We focus on the subset of bubbles that are indistinguishable from 
ours, except for the value of the cosmological constant A and the number of inflationary e- 
folds N. The events of interest to us here are the observations of A and N, so they can be 



labeled by the same index i as the bubbles. The number of such events in bubbles of type i 
between Sq and Scut can be written as 

rdcnt rTcut rS.cut 

Mi^Pi d^nC / dTCi^{T)pi{T) d^sinh2(e). (3.1) 

JOo Jo Jo 

Here Pi is the prior probability ( 2.19| ) for bubbles of type i, Pi^r) is the number of relevant 
observations per unit physical four-volume in such bubbles, ^cutl''", ^n, ^cut) is the value of ^ 
at which the constant-r hypersurface intersects the cutoff hypersurface, and Tcut(^in ^cut) is 
the maximum FRW proper time in the bubble probed by the cutoff hypersurface. Moving 
from right to left, the first two integrations count the number of observations under the cutoff 
in a bubble of type i nucleating at CAH time 6^, while the last integral sums over bubble 
nucleation times, according to Eq.( |2.1q ). Since q is exponentially small, we henceforth drop 
it. 

Since the CAH+ measure prescription involves augmenting the cutoff hypersurface with 
lightcones, it is convenient to work in terms of the bubble conformal time rj = J dr/alr), as 
opposed to the proper time r. During the early-time inflationary epoch in the bubble, i.e. for 
1^*1 ^ 1^1 ^ 1) where 77* = —2e~^ is the reheating time, CAH time is given by 



0{v, 



— e^ 



V 



(3.2) 



After inflation, (|3.2| ) no longer holds. (We assume instantaneous reheating.) As described 



in Section 2.2, during radiation, non-relativistic matter, and spatial-curvature domination, 
9 decreases along comoving geodesies. The would-be cutoff hypersurface 6 = 9cut therefore 
runs toward increasing ^ with increasing r], and in the CAH+ prescription it is augmented 
by the future lightcone of where it intersects the reheating hypersurface, 9 = (1/2) ^n e^"*". 
When r] > 7]^, this lightcone provides the cutoff 



e 



cut 



-r, + ri^ + ln{29cnt/9n)-N. 



(3.3) 



The events that concern us (observers like us measuring cosmological parameters) occur only 
after non-relativistic matter domination, when r] ^ r]^,, so henceforth we drop r/* next to rj. 

In bubbles with zero or negative cosmological constant, the cutoff (^]^) applies to all 
times after reheating. In bubbles with positive cosmological constant, however, 9 begins 
to increase again at cosmological-constant domination, and the 9 = 9cut hypersurface can 



supercede (3.3). The evolution of 9 after cosmological-constant domination is determined by 



(2.7), substituting conformal time rj for proper time r (see Appendix^). The result depends 
on whether or not there is a period of spatial-curvature domination after non-relativistic 
matter domination, in particular: 



=« 



9ne^__ 

-1/3 



{tsHaTc) 



if there is curvature domination 



if not , 



(3.4) 



where H{^ = y^|A|73, and t^ is the time at which spatial curvature would begin to dominate, 
if Hj\^ were zero. In each case the expression is valid after the onset of cosmological-constant 
domination at t/A; corresponding to when the denominator is equal to unity. 

When (positive) cosmological-constant domination follows a period of spatial-curvature 



domination, the hypersurface 6 = Bent is obtained by inverting the upper of (3.4), and gives 

Ut = ln[3 - Indi^ATc) - ??] + ln(ecut/^n) • (3-5) 

This is the actual CAH-1- cutoff when it provides a stronger constraint than the future light- 
cone cutoff (|3.3|) , so the cutoff is given by the smaller of (|3.3|) and (|3.5D . Since both of these 
expressions are monotonically decreasing, ( |3.3| ) provides the cutoff up to some time 771, after 
which (|3.5D provides the cutoff, with 771 corresponding to the solution of 



2e 



-r?i-iV 



In^i^ATc 



m 



(3.6) 



A similar story holds when non-relativistic matter domination gives way directly to (positive) 
cosmological-constant domination. In this case the 6 = Ocut hypersurface gives 



e 



cut 



In 



fe^ATc) 



-1/3 



.18 



rj 



+ ln{e,^t/On) 



(3.7) 



As before, the actual CAH-I- cutoff is given simply by the smaller of (|3.3| ) and (|3.7| ). Likewise, 
( |3.3D provides the cutoff up to some time 772, after which (^) provides the cutoff, with 772 
corresponding to the solution of 



2e 



-m-N 



TsHaTc 



,-1/3 



.18 



V2 



(3.8) 



Henceforth we refer to the above transition times as 7/1^2 j with it being understood that 771 
applies to when non-relativistic matter domination gives way directly to cosmological constant 
domination (which corresponds to Tc > {2/'i)H~^ ), and 772 applies when there is a period of 
late-time spatial-curvature domination (corresponding to Tc < {2/3)Hj[ ). 
Putting the above results together, it is convenient to write 



with /(77) given by 



fiv) 



r] + N - ln(2) 
ln[HAa{7])] 



-fiv) + H0cnt/9n) , 



if A < 0, or 

if A > and r] < r/1^2 

if A > and r/ > r/1^2 : 



(3.9) 



(3.10) 



where we have used the results of Appendix ^ to recognize the dependence on a. We are now 
prepared to return to (|3.1|). Performing the integration over ^, we obtain 



M oc Pi 



dO^O^ 



do 



/-Mln(ecut/6»n)] 



dr] a'ir]) pi{r]) { sinh[2ecut(r/, ^n)] -2Ccut(r/, ^n)} • (3.11) 
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It is possible to exchange the order of 6^ and rj integration. It is also worthwhile to change 
the integration variable 9^ to y = ln(0cut/^n) — fiv)- These operations allow us to write 

Mi^Pj dr, a\r]) pi{rj) e-^f^^^ I{v) , (3.12) 

where r^max = niin{ ln(0cut/^o)7the maximum value of rj reached in the bubble}, and 

/■ln(0cutM,)-/(»?) . . 

X(7?) = / dye-^y smh{2y)-2y . (3.13) 

Jo L J 

In the limit ^cut — ^ oo, assuming that Pi{r]) is localized within some finite range of t], we can 
take the upper limit of integration of I{'i]) to infinity, so that X(?7) becomes a constant. 

3.1 Geometric effects 



Before focusing on the implications of ( 3.12 ) for observers like us, it is worthwhile to investi- 
gate some of the more general features of this result. Toward this end we here adopt a more 
crude "anthropic" model, which places all observers at some fixed FRW proper time Tobs 
in the bubble, and takes the density of their observations to be proportional to the density 
of non-relativistic matter. (Our analysis follows the spirit of ||2[.) Intuitively, it would be 
preferable to place the observers at some fixed proper time after reheating, but we assume 
■^obs ^ ^^d ^° ^^^^ ^^^ difference is negligible. To be precise, we write 

Pobs(r/) oc -zj-y (5[t/ - T/(robs)] , (3.14) 

where 6 is the Dirac delta function, and we have included a factor of \dT/dr]\^^ = a^^ to 
account for the measure of integration, as well as a factor of a^{r]i,) because inflationary 
expansion does not dilute the density of non-relativistic matter after reheating. This gives 

AAobs oc P(A, N) e3^-3/['?(^obs)] ^ (3.15) 

where the "prior" P(A, N) is the probability that a random bubble will be characterized by 
given values of N and A and be otherwise identical to ours. 

It is convenient to express A and Tc{N) in units of Tobs- Accordingly, we write 

£ = sign(A) (/^ATobs)' , and Te = Tobs e=^(^-^°'^=) , (3.16) 

where A'^obs depends on the details of the cosmological history. Then ^ ~ 1 corresponds to 
observers arising at about the onset of cosmological-constant domination, and N = Nohs 
corresponds to observers arising at the onset of spatial-curvature domination (in bubbles 
where this happens). If we consider £ and Tc to be fixed and study A^obs as a distribution over 
Tobs, then we find the distribution features two qualitatively distinct regimes. For positive i 
and sufficiently large Tobs, we have ??(robs) > ^1,2 and A/'obs ^ e^^ [-f^A«('^obs)] • Thus A^obs 
is proportional to the density of non-relativistic matter. For smaller Tobsj as well as for i < 0, 
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A^obs Of e~'^'^*-'^°''=). This corresponds to a weaker (decreasing) function of Tobs than the density 
of non-relativistic matter. Thus we conclude that A^obs prefers smaher values of Tobs) but 
the effect is not stronger than the youngness bias of the scale-factor cutoff or fat geodesic 



measures [15, |T^]. In particular, if we were to condition on structure formation, A^obs would 
become strongly suppressed for sufficiently small Tobs; resulting in a localized distribution. To 
simplify the discussion, for the rest of this subsection we assume Tobs is fixed, and corresponds 
to some time during or after non-relativistic matter domination. 

Since the CAH+ measure does not exponentially favor large amounts of inflation in the 



bubble, it does not suffer from the Q and G catastrophes [|17|, [H, ^^- Note that the CAH+ 



measure can also avoid Boltzmann-brain domination |20, ^, ^]. In particular, we found 
above that for sufficiently late times, r/(Tobs) > ^1,2, the measure samples in proportion to 
a(7"obs)~^- Modulo proportionality constants, this is the same late-time behavior as the causal 
patch, scale-factor cutoff, and fat geodesic measures, each of which has been shown to be able 
to avoid Boltzmann-brain domination ^, ||, |l^. As is discussed in those papers, the early- 
time behavior is unimportant compared to the huge timescales on which Boltzmann brains 
typically form. Similarly the differing proportionality constants are inconsequential next to 
Boltzmann-brain nucleation rates and vacuum decay rates that dominate the calculations. 

Consider now A^obs as a distribution over A^, keeping £ (and Tobs) fixed. For N < N^hs and 
\i\ < 2/3, the time Tobs corresponds to during spatial-curvature domination. In this regime, 
Vi^ohs) < f?i,2, SO we have TVobs oc e"3''(^°b=). Using (Q, we find TVobs oc (|e3(^°bB-A^) + i)~3^ 
i.e. the distribution is exponentially suppressed for A^ significantly less than Aobs- Surveying 
increasing values of A^, Tobs corresponds to during non-relativistic matter domination and 
A/'obs/'P asymptotes to a constant. The transition from exponentially increasing in A^ to 
independent of A^ occurs rather sharply at A^ ~ Aobs! thus, for prior distributions P that 
are (negative) power laws in A^, the distribution A^obs is peaked at A^ ~ Aobs, but can 
have a long tail toward large A^. The above discussion applies only to \i\ < 2/3, yet for 
larger values of \i\ the story is mostly the same: for a given value of A^ the time Tobs may 
correspond to during cosmological-constant domination instead of during spatial-curvature or 
non-relativistic matter domination, but overall the dependence of A/'obs/-P on A^ is qualitatively 
unchanged from above. The only significant development occurs when i becomes so large that 
^("^obs) > ^1,2; in which case Afohs/P becomes strictly independent of A^. As indicated in the 
next paragraph, Mohs/P is suppressed in this region of the parameter space. 

Finally, we discuss the dependence of A^obs on £, keeping A^ and Tobs fixed. Starting at 
sufficiently small values of |^|, the time Tobs corresponds to during non-relativistic matter or 
spatial-curvature domination, and Mobs/P is independent of L Surveying increasing values 
of |£|, eventually Tobs corresponds to during cosmological-constant domination. When £ < 0, 
Mohs/P is a weakly decreasing function of |£|, until the minimum-allowed value of £ is reached 
when Tobs coincides with the big-crunch singularity at £ ~ — (27r/3)^, the precise value of the 
bound depending weakly on A^. When ^ > the distribution Mohs/P is a weakly increasing 
function of £, until rj{Tohs) becomes greater than r/1^2, after which the distribution decreases 
exponentially in £. It can be shown that this transition occurs roughly at (.^'"^ + ln(£^/^) ~ 
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Figure 2: Contour plot of the distribution Mohs/ P in the {N, £) plane (the distribution peaks toward 
the right and center). We have set A'obs = 5 to condense the scale of the plot. 



3iVobs - 2iV, when ATe^C^-^obs) < i^ or at £i/2 + (1/3) in(^i/2) ^ jy^^^^ ^hen ATe^C^-^obs) > 1. 
If we neglect the logarithms and use N ~ iVobs from the previous paragraph, we see that 
the scale of i is set by A^^^^s- ^^^ bubbles otherwise like ours, N^^g can be as large as 60 (for 
GUT-scale inflation) , setting the scale at a few thousand times the value of the cosmological 
constant we observe. As we shall see, however, further consideration of anthropic selection 
effects for observers like us can suppress such large values of i. 

These results are illustrated in Figure ||. We have chosen A^'obs = 5 so as to reduce the 
range of coordinates. As a function of increasing A^ (with £ < -A^bs) ^^^ distribution rises 
smoothly from at about A'obs; and flattens out several e-folds beyond that. (If we were to 
include a prior of the form P{N) oc A^~", a > 1, the distribution would be peaked at several 
e-folds above A'obs-) As a function of decreasing £, the distribution rises sharply at ^ ~ -^obs' 
and then decreases slowly until the minimum- allowed value of £ is reached. Note that, unlike 
the causal patch, apparent horizon cutoff, and fat geodesic measures studied in |^, the CAH+ 
measure is free of divergences in the {£, N) plane. 



3.2 Anthropic selection 

We are interested in the distributions of values of A and A'^ measured by observers like us. 
The restriction to observers like us is important because we wish to test these distributions 
against the value of A and lower bound on A^ that we actually observe, and such comparisons 
are meaningful only insofar as we can assert that the values we observe should be considered 
as randomly drawn from the predicted distributions. Insofar as our presence to measure these 
quantities correlates with their physical values, these correlations must be taken into account. 
What is meant by the qualification "like us" defines the precise hypothesis that is being 
tested, and is ultimately constrained by our understanding and acumen. According to the 
"principle of mediocrity" [^, 25], we should consider ourselves typical in (that is, randomly 
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drawn from) any class of observers to which we belong, unless we have evidence to the 
contrary. In the latter case, the class should be correspondingly narrowed. As more data is 
accumulated and our models are improved, we will be able to specify a narrower reference 
class of observers and make more accurate predictions. 

Here we simply assume that the density of observers like us at a given FRW proper time 
r is proportional to the number of galaxies that passed a certain mass threshold M a certain 
proper time At before r. (We do not distinguish between non-relativistic baryons and cold 
dark matter, and by "galaxy" we refer to both the visible structure and the halo.) The basic 
idea is that a galaxy should have a certain minimum mass, to permit efficient star formation 
and likewise to have produced and retained heavy elements, and should have existed for a 
certain time, to permit planetary and biological evolution. With respect to bubbles with 
negative cosmological constant, we pursue two possibilities: 

(i) in this case we do not include FRW times after rtumj the time of scale- factor turnaround, 
presuming that the typically- high merger rate in such circumstances is hazardous to 
stable stellar systems in which observers like us can arise, 

{ii) in this case we include all times, ignoring the above effect. 

To be concrete, we take M = 10^^ solar masses and Ar = 5 Gyr. (These anthropic assump- 
tions are the same as those adopted and further explained in [15|.) 

To determine the rate at which galaxies exceed the mass M, we work in the Press- 
Schechter formalism |26]. The main result of this approach is the collapse fraction (of non- 
relativistic matter) into galaxies of mass greater than or equal to M by proper time r. 



Fe(M, r) = erfc 



Ur) 



V2arms{M,T) 



(3.17) 



where erfc denotes the complimentary error function, armsiMjT) is the amplitude of a root- 
mean-square (rms) density perturbation on a comoving scale enclosing a mass M (according 
to the linearized equation of motion), and 6c{t) corresponds to the amplitude that a density 
perturbation must have reached, according to the linearized equation of motion, for it to 
correspond to a collapsed spherical top-hat over-density at time r (the spherical top hat 
being evolved according to a non-linear analysis). The collapse threshold 6c is in general a 
function of time, however for our purposes it is sufficient to use the late-time asymptotic 
values 5c = 1-72 for A < 0, 6c = 1-50 for A = 0, and 6c = 1-63 for A > 0. (At least in the case 
where there is no period of late-time spatial-curvature domination, this approximation was 
found to be accurate at the percent level by the authors of |]15|). 

The rate at which galaxies exceed the mass M is simply the time derivative of Fc . Incor- 
porating the time delay mentioned above, we have for the density of observers 



a^{n)dFc 

Pohs{T) oc ^3^r^— - 

a^[T) ar 



(3.18) 



A/, T- At 
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where it is understood that pobs = for r > Ttum when considering case (i) above. Inserting 
into ( |3.12| ), we obtain 



A/;bs(A, N) oc P(A, N) / (iTe=^^-3/[r,(r)] 



■^nia 



At 



dT 



(3.19) 

M, t-At 



where for A < 0, we use Tmax = "^turn for case (i) and Tmax = ''"crunch = '^Ttum for case (ii), 
while for A > 0, we use Tmax — ^ c«. 

Since anthropic selection will strongly suppress all values of A except those within a very 
small (compared to the Planck or electroweak scales) window about zero, the prior distribution 
of A is expected to be flat p^. (The conditions of validity of this heuristic argument have 



been studied in several simple landscape models |2^, ^, |30|], with the conclusion that it does 
in fact apply to a wide variety of scenarios.) We shall assume that the argument is valid, so 
the prior probability is independent of A. The appropriate prior distribution for the number 
of e- folds N is less clear; here we simply lift the distribution obtained by [^, based on 
randomly scanning the parameters of a linearized scalar-field potential. Together these give 
the distribution 

P(A, N) oc iV"^ . (3.20) 

The distribution AAobs can be evaluated numerically, given air), rjlr), and a^rasiM, r). 
Each of these quantities is approximated in Appendix p, and during the relevant times can 
be expressed entirely in terms of H\, Tq, and the density contrast arc{{M) evaluated at some 
reference time Tj-ef. It is convenient to write 

A = sign(A) (FA/i^A)2 , and r, = H]:^'e'^^-^^^ , (3.21) 

where Hp^ is the value of H/^ measured in our universe, H~^ = 16.3 Gyr,^ and 

N^ = \\nU- 2^I^HTrl''H-A . (3.22) 



'eq ^-'A 

Since A'a depends on Hf{, its precise value in our universe is not known (in our simple model of 
inflation and reheating H^ ~ 10^-10^^ GeV would correspond to A^a ^ 50-64). Nevertheless, 
after the onset of non-relativistic matter domination the evolution of the universe depends 
only on the difference N — N\, and so dependence on A'a by itself enters only via the relative 
effect of the prior distribution P(A, N), and this effect is approximately independent of 
A^A when A^a ^ 1- For concreteness we choose A^a = 60. Finally, we note that the data 
of footnote ^ correspond to setting a,.e{{M) so that deep into the epoch of non-relativistic 
matter domination, we have (Trms(-^ = lO^^M©) = 2.50 (i^A''")^^^- 

In Figure ^ we plot slices of the distribution A/'obs(A, A^). Recall that the parameter A 
has been defined so that our universe corresponds to A = 1. Meanwhile, the observational 



* Here and throughout we use "WMAP+BAO+i/o" maximum-likehhood cosmological parameters from 
the WMAP-7 analysis |32). In particular, we choose h = 0.704, Ha = 0.728, Qc = 0.271, ilt = 0.0455, ilk < 
8.3 X 10"^ (95% confidence level upper bound), ro = 13.8 Gyr, Tcmb = 2.725 K, and A'^{k = 0.002 Mpc"^) = 
2.42 X 10~^ in a ACDM cosmology (with three generations of massless neutrinos). 
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Figure 3: Slices of the (normalized) distribution A/'obs (A, N). The left panels display the distribution 
over all A, for anthropic case (i) (top) and case (ii) (bottom), for N = 70. The right panels display 
the distribution over positive A (top), again using A^ = 70, and the distribution over N (bottom), for 
A = 1. In each case we use Na = 60. Observation gives A = 1 and N > 62.1. Regions more than one 
and two standard deviations away from the median indicated by shading. 



constraint on the curvature parameter O^ = (aH)~'^ implies a constraint on AA^; in particular 
AA^ > 2.1 (95% confidence level lower bound), which for A'a = 60 corresponds to A^ > 
62.2. (Here we have combined the data of footnote with the scale-factor approximations of 
Appendix y, with the present FRW time corresponding to just after the onset of cosmological- 
constant domination) . We see that the distributions provide a good fit to the observed value of 
A, whether we allow for negative A or not (indeed, regardless of whether we impose anthropic 
condition (i) or not), at least when there is much more than sufficient inflation, as in our 
universe. Note that the sharp peak at A = is not a divergence. The results are consistent 
with what is found in Section ^T^, with the distribution being more sharply peaked about 
A = than in that analysis because we have conditioned on the formation of galaxies like 
ours, which becomes inhibited for large positive values of A. 

Regarding the distribution of A^, we see the probability is highly suppressed for A'' < A^a, 
in accordance with what was found in Section ^^. As in that analysis, the distribution would 
rise and asymptote to a constant value as A^ is increased over the next several e- folds; however 
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Figure 4: Contour plot of the distribution A/'obs(A, N), for case (i), assuming Na = 60. 



we have included the prior ( 3.2C| ), which selects for smaller values of A^, hence the peaked 
distribution of Figure ^. Given the location of the peak and its long, large- A^ tail, it is evident 
that the distribution is consistent with the present observational limit, A'^ > 62.2 for A'a = 60 
(corresponding to Q,k < 8.3 x 10^^, see footnote ^. Our ability to detect spatial curvature (for 
instance, via its effects on the CMB) is cosmic- variance limited p4| , p5[ ], and it is worthwhile to 
ask the following question. Given this model, and given the present observational limit, what 
is the likelihood that A^ lies in the range amenable to future detection? To quickly estimate 



the answer, following |31] we crop the distribution at the present observational bound, and 
compute the fraction of the remaining distribution for which 0^ < 10~^ (A^ > 64.3), finding 
that it is 0.077. Thus, there is reasonable hope for a future detection. These results are 
similar to those found in |3^ for the distribution of A^ in the scale-factor cutoff measure, and 
the discussion there concerning other possibilities for the prior distribution P{N) applies here 
as well. 

In Figure § we provide a contour plot of A/'obs(A, A^), in the (A^, A) plane, for case (z). 
Although it might appear as if constant- A^ slices might represent different distributions of A 
as one surveys increasing A^, in fact (for A^ significantly larger than A^a) all that changes is 
the overall normalization, according to the A^-dependence of the prior (|3.20|). 



4. Summary of measure proposals 

To provide context for the results of Section ^ we briefiy summarize the major qualitative, 
phenomenological characteristics of several measure proposals. In many cases we simply 
restate the conclusions of (however we draw different conclusions about the scale-factor 
cutoff measure), and, as in that analysis, we focus on the predictions for the cosmological 
constant £ and the number of e-folds A^ relative to A'obs (we use the notation of Section 
We restrict attention to a subset of measures that have been demonstrated to avoid 
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the youngness paradox |3^, 37, ^, the Boltzniann bram problem ||2^, 21, ^ (at least for 
landscapes with sufficiently rapid decay rates), and the Q and G catastrophes |l^, |l8|, IS]. 

The geometric cutoff measures that have been discussed so far can be divided into two 
broad categories: global and local measures. Global measures introduce a cutoff at a fixed 
value of some global time variable t, be it the proper time []39| , ^ , ^ , |4^ , scale- factor time 



pi| , H3, 15 1, lightcone time M], or CAH time, and find the relative numbers of events in the 
limit t — )• oo. An attractive property of these measures is that the resulting distributions 
do not depend on the choice of the comoving region that is being sampled, reflecting the 
attractor behavior of eternal inflation. (They do depend on the choice of the time variable 
t.) Local measures sample a spacetime region in the vicinity of a given worldline. The first 
proposal of this kind is the causal patch measure [^] , which counts events that occur within 
the causal patch of the wordline. (The causal patch could either be the past lightcone of the 
future endpoint of the worldline, or the causal diamond of the worldline; the two choices give 
essentially the same phenomenology). This measure was motivated by the idea of "horizon 
complementarity" [pO| , ^ , suggesting that semi-classical gravity can be trusted only within 
a causal patch of spacetime accessible to a single observer. Other local measures include the 



apparent horizon [0] and fat geodesic \lt\ measures, which sample respectively the region 



within the apparent horizon and within a fixed geometric distance of the worldline. 

All local measures are sensitive to the choice of the initial vacuum where the geodesic 
begins, so one needs to consider an ensemble of observers with different initial conditions. 
Without specifying such an ensemble, these measures remain essentially undefined. 

The key to specifying the appropriate ensemble may be provided by the recently-discovered 
duality [^] between local and global measures: the local measure is equivalent to the global 
measure if the ensemble of initial vacua for the local measure is given by the attractor distri- 
bution of the corresponding global measure. (This global-local duality is somewhat limited. 
As we discuss below, its validity with respect to the fat geodesic measure and scale factor 
cutoff measure breaks down in AdS vacua.) Thus, one can define the causal patch, apparent 
horizon, and fat geodesic measures by requiring that the initial distribution should be taken, 
respectively, from the global lightcone, CAH, and scale factor cutoff measures. Note however 
that these measures rely on a global picture of spacetime, so that these definitions seem to 
undermine the initial motivation for the causal patch measure. 

Some alternative proposals for specifying the initial distribution can be found in [Eq]. This 



distribution could also be determined by the wave function of the universe |43|. Whatever 
prescription is chosen, one can expect that the arguments we gave concerning the "prior" 
distribution of A and N should apply here as well, allowing to predict distributions for these 
quantities regardless of the precise nature of the ensemble. In the rest of this section we 
discuss some qualitative features of the resulting distributions, focusing on the divergent, or 
"runaway", behavior exhibited by some of the measures. 

We begin with the (local) apparent horizon cutoff measure. According to Figure 4 of 
[g], when £ is positive this measure predicts a distribution A^obs that is peaked toward £ = 
(with ln(A) peaked at order unity) and at A^ ~ A'obs (if the prior P{N) features power-law 
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preference for smaller N). When £ is negative, AAobs features a runaway toward decreasing \i\ 
and decreasing N. Although the results we are quoting ignore anthropic selection effects, it 
is hard to see how anthropic selection could mitigate the runaway toward small \i\. Therefore 
only the discreteness of (anthropic) landscape cuts off the divergence, so that this measure 
predicts the overwhelming majority of observers to live in some vacuum with a negative 
cosmological constant very near to zero, in conflict with our observation. 

The causal patch measure exhibits the same qualitative behavior for ^ < [0]. At the 
same time, this measure features a runaway toward small i, when i > 0. The runaway is 
much weaker for positive i (where it increases like i~^) than for negative i (where it increases 
like |-^|~^). This implies once again that the overwhelming majority of observers live in some 
negative-^ vacuum. 

The authors of |2[ turn the runaway for £ > into a prediction: assuming the runaway 
for i < is somehow resolved (and in a way that does not leave behind the milder, but 
still discouraging preference for negative i found in ||4^), we should expect to observe the 
smallest (positive) value of i among the subset of vacua that are not extraordinarily rare in 
the multiverse, and in which observers are not too strongly suppressed. Then A is expected 
to be on the order of one over the number of such vacua in the landscape (in Planck units). 

This is an interesting attempt to relate the size of the landscape to the observed value 
of A.^ The danger here is that the distribution of A is expected to be very "jagged" on the 
smallest energy scales, with one value of A heavily preferred or heavily disfavored next to 



a nearest neighbor |28, |2^, |3^. If the landscape is sufficiently enormous, one might expect 
this jaggedness to occur only on scales that are very small compared to any scale of interest, 
leaving an approximately smooth, flat distribution when averaged over an intermediate scale. 
If however A is on the order of one over the number of vacua in the landscape, then this 
jaggedness will be relevant to the prediction of i, perhaps giving large preferential weight to 
values that would otherwise seem hostile to observers. Further investigation of this issue is 
required to draw more definite conclusions. 

The properties of the fat geodesic measure can be read off Figure 5 of |^. When i is 
positive this measure predicts a distribution A^obs that is peaked toward i = (with In(^) 
peaked at order unity) and A'^ ~ Aq^s (if the prior P{N) features power-law preference for 
smaller A^). When i is negative, A/'obs features a runaway toward Tobs — ^ ''"crunch) where Tcrunch 
is the FRW proper time of the big crunch singularity in these cosmologies. This runaway 
stems from the fact that a fixed physical volume encloses a diverging quantity of matter as 
the scale factor tends toward zero. It is not hard to see how anthropic selection alleviates the 
problem, since the universe will become hotter and denser as the scale factor contracts, and 
the environment will at some point become hostile to observers. This formally cuts off the 
divergence in the distribution as Tobs — >• 7"crunch) but to what extent the resulting distribution 
prefers negative i depends on the anthropic criteria that are added to the computation. 

It should be noted that the apparent horizon and fat geodesic measures violate the 



^Stronger runaway behavior in A has been explored in 
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Figure 5: Toy conformal diagrams of a crunching bubble indicating the cutoff iniphed by the fat 
geodesic (left panel) and scale-factor cutoff (right panel) measures. The symbolism is the same as in 
Figure 1, but with the future boundary of the bubble given by a big-crunch singularity (thick, dotted 
line) . The fat geodesic focuses on an arbitrarily small region surrounding a worldline at the left edge 
of the diagram, which grows to enclose a diverging conformal volume as the scale factor goes to zero. 
The cutoff implied by the scale-factor cutoff measure could enclose a smaller volume, depending on its 
definition, as indicated by the arrows. 



causality condition mentioned in the introduction, which requires that the cutoff surfaces 
should be spacelike. For the causal patch measure the cutoff surface is null and can be made 
spacelike by an infinitesimal deformation. 

We finally discuss the global scale-factor (SF) cutoff measure. It imposes a cutoff at 
a fixed value of the SF time, which was defined in [|l^, |l| as (the logarithm of) the volume 
expansion factor along the geodesic congruence. As it stands, this definition is not satisfactory, 
since the resulting measure is sensitive to the details of structure formation in thermalized 
regions of spacetime [|l^]. Moreover, the cutoff hypersurface obtained with this measure have 
timelike segments in the vicinity of gravitationally-collapsed structures and in bubbles with 
negative vacuum energy after scale-factor turnaround. This can be dealt with by augmenting 
the cutoff hypersurface with the future lightcones of all points on the cutoff, as with the "-I-" 
prescription of this paper. (This and other possibilities are discussed in |j|].) The resulting 
measure can be called SF-I-. 

In bubbles with positive vacuum energy, we expect the predictions of the SF-|- measure to 
be very similar to those of the fat geodesic measure. Indeed, given the approximations of [^ (in 
particular, disregarding inhomogeneities caused by structure formation), they make the same 
predictions. Thus Figure 5 of Q also describes the distribution of £ > and N for the SF-|- 
measure, and we see there are no runaways. When i is negative, the two measures make the 
same predictions during the expanding phase of bubble evolution, but differ after scale-factor 
turnaround. This can be seen by referring to Figure |5[ Whereas the fat geodesic expands 
to enclose a diverging quantity of matter (when represented in the conformal diagram), the 
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SF+ cutoff will enclose a finite quantity of matter, because that is all that remains along the 
defining congruence after the cutoff has been imposed outside of the crunching bubble. Thus, 
the SF+ measure is free of runaways in the {i, N) plane. 

5. Discussion and conclusions 

Our goal in this paper was to investigate the phenomenological properties of the CAH+ 
measure. We found that this measure does not suffer from any known pathologies, such as 
the youngness paradox, Q or G catastrophes, or the Boltzmann brain problem (assuming that 
anthropic vacua in the landscape have sufficiently fast decay rates). The distribution for the 
cosmological constant A derived from the CAH+ measure is in a good agreement with the 
observed value, and the distribution for the number of inflationary e-foldings A^ satisfies the 
observational constraint. We found also that this measure assigns a non-negligible probability 
to a detectable negative curvature in the present universe. By its construction, the CAH-I- 
measure satisfies the causality condition, requiring that the cutoff hypersurfaces should be 
spacelike or null. 

The properties of the CAH-I- measure are similar to those of the SF-|- measure (that is, 
of the scale- factor measure with cutoff surfaces modified as in the "-I-" prescription of this 
paper). In fact, of all the measures that have been discussed so far, these are the only two 
that agree with the available data and have no pathological features. In contrast, the causal 
patch, fat geodesic, and (local) apparent horizon cutoff measures give strong preference to 
negative values of A, and thus are in conflict with observations Q. Restricting to positive 
values of A, the causal patch measure gives a non-normalizable distribution, diverging towards 
A = 0. The divergence can be cut off due to the discrete character of the landscape, provided 
that there are no anthropic vacua with A = 0. The maximum of the distribution is then 
shifted towards values comparable to the scale of discreteness, and the predicted value may 
be unfavorably affected by the jaggedness of the distribution on that scale. It should also be 
mentioned that all local measures are sensitive to the initial conditions and remain essentially 
undefined until the ensemble of initial states is specified. 

For completeness, we mention some measures that have not been discussed in the main 
text. The proper time [^, 40, 42|, pocket-based [0], and stationary [^ measures all suffer 



from Q and G catastrophes. In addition, the proper time measure is subject to the youngness 
paradox, and the pocket based measure to the Boltzmann brain problem. 

Throughout this paper we assumed the spacetime to be (3 -|- l)-dimensional. However, 
in general we expect the string theory landscape to allow parent vacua to nucleate daughter 



vacua with different effective dimensionality [H9, pO, 51, p2|. Predictions of the scale factor 
cutoff measure in a transdimensional landscape have been studied in |53], with the conclusion 
that in cases when the highest number of spatial dimensions in inflating vacua is -Dmax > 5, 
this measure strongly disfavors large amounts of slow-roll inflation in the bubbles and predicts 
low values of the density parameter fi, in conflict with observations. This problem is avoided 
if instead of the scale factor measure one uses the volume factor (VF) cutoff, where the 
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cutoff surfaces are surfaces of constant volume expansion factor. (These surfaces are the 
same as the constant scale factor surfaces in 3+1 dimensions, but are generally different in a 
transdimensional multiverse.) In order to comply with the causality condition, the modified 
VF+ measure can be defined by adding the "+" prescription. 

The situation with the CAH+ measure is similar. It generally predicts low values of Q 
in the transdimensional case. The analog of the VF+ measure in this case is the CNAH+ 
measure, in which the cutoff surfaces are the surfaces having a constant number of apparent 
horizons per equal comoving volume (with added "+" prescription). It is not presently clear 
how this measure can be related to a UV cutoff in the holographic boundary theory. This 
remains a topic for future research. 
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A. Evolution of the CAH through CDL bubble nucleation 

Here we compute the evolution of the CAH time 9 along a congruence of timelike geodesies 
that begin in the parent vacuum and enter the bubble. Disregarding bubble collisions, the 
spacetime in the vicinity of a bubble can be represented by the spatially-flat de Sitter chart, 

ds'^ = -dt'^ + e'^^p^dr^ + r^ cinl) , (A.l) 

where Hp is the parent-vacuum Hubble rate. We consider a congruence 7^ of geodesies 
parametrized by r = constant in the parent vacuum. As mentioned in the main text, the 
bubble geometry is of the form 

ds^ = -dT^ + a'^ir) \df + sinh2(^) dQ^] , (A.2) 

where here we focus exclusively on the scale-factor solution 

a{T) = H^^ smh{HdT) . (A.3) 

We take the bubble to nucleate with a negligible initial radius at the parent-vacuum coor- 
dinates (t, r) = (0, 0), the future lightcone of which corresponds to the hypersurface r = 
in the bubble. Furthermore we work in the thin-wall approximation, with the bubble wall 
at the aforementioned future lightcone, and neglect any effect of bubble-wall tension on the 
trajectories of geodesies that pass through it. 

To propagate the congruence 7^ into the bubble, it will help to embed the spacetime in 
a (4+l)-dimensional Minkowski space, for which we write the line element 

ds^ = -dT^ + dS^ + dR^ + R^ dnl . (A.4) 
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The geometry of the parent vacuum is induced on the hyperboloid — T^ + 5^ + i?^ = H ^, 
which can be accomphshed with the embedding 

T = H-^ smh{Hpt) + ^Hp r^ e^^p* (A.5) 

5 = H-^ cosh{Hpt) - ]-Hp r^ e"'^^ (A.6) 

R = re"^\ (A.7) 

where we have suppressed coordinates on the unit two-sphere, which do not concern us here. 



A general spacetime of the form (A. 2) can also be embedded in Minkowski space, but for 



concreteness we focus on the specific, early-time solution ( |A.3D . This can be embedded via 

T = H~^ sinh(FdT) cosh(0 (A.8) 

S = H^^ cosh{HdT) + Hp^ - i7^ 1 (A.9) 

R = H^^ sinh(Fdr) sinh(0 • (A. 10) 

The bubble geometry then corresponds to that induced on the hyperboloid 

-r2 + (5 + H~^ - Hp^f + R^ = Hf , (A.ll) 

which has been shifted from the origin so that it intersects the parent-vacuum hyperboloid at 
S = Hp^ , where we place the bubble wall. For the purpose of matching the two coordinate 
systems it is convenient to also introduce a spatially-flat de Sitter chart in the bubble. The 
line element is of the form ( |A.1| ), but with Hp — )• H^, and likewise the embedding is of the 
form Q-(Q, but with Hp -^ H^ followed by S ^ 5 + R-^ - H;^\ 

Our calculation of the propagation of the congruence -jr into the bubble follows the anal- 
ysis of [£4[ (for more background see |^). Figure |6| illustrates the dynamics, projected onto a 
conformal diagram of CDL bubble nucleation (the spatially-flat de Sitter chart of the parent 
vacuum covers only the upper-left half of the diagram). Initially-comoving geodesies (with 
respect to the spatially-flat parent-vacuum frame) encounter the bubble wall, are boosted 
with respect to the bubble coordinates, but nevertheless rapidly asymptote to comoving in 
the bubble FRW frame, due to redshifting during inflation in the bubble. 

In terms of the two spatially-flat charts, the trajectory of the bubble wall, specified by 
the intersection of the hypersurface S = Hp^ with the two hyperboloids, is given by 



Hpr^ = 1 - e-^p*- , Hpt^ = ln{Hp A + 1) , (A.12) 

Hdf^ = 1 - e-^<i*" , i/dtw = HHd A + 1) , (A.13) 

where we use overlines to denote coordinates in the spatially-flat chart within the bubble. The 
choice of parameter A is such that either trajectory maps to the same embedding coordinate 
T (and, by definition, S) for a given value of A. 
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Figure 6: Two initially-comoving geodesies, ri and r2 (dark, solid eurves), propagating from the 
parent vacuum into the bubble. The bubble wall corresponds to the thick, dashed line; dotted lines 
correspond to constant-i (constant-r) surfaces, while solid lines correspond to constant-r (constant-^) 
surfaces, in the parent vacuum (bubble). 



Meanwhile, in terms of the spatially-flat slicing in the bubble, a general timelike geodesic 
(orthogonal to the unit two-sphere) takes the form 






1/2 



y-2 _^ g-2Hdt 



1/2 



(A.14) 
(A.15) 



where (rjn, tin) is the point along the bubble wall through which the geodesic passes, with 
Hdfin = 1 — e~^'^*'" in accordance with ( |A.13| ), v is an additional integration constant, and s 
is the proper time along the geodesic. The coordinate rjn of a geodesic just inside the bubble 
can be related to an element r of the comoving congruence in the parent vacuum by matching 
the corresponding Minkowski embedding coordinates at the bubble wall. This gives 

(A.16) 



l-Hpr + Hat 



The integration constant v can be determined by equating the inner products between the 
geodesic and the normal to the bubble wall worldsheet, on either side of the wall. This gives 



r {Hp - Ha){2 - H^r + H^r) 
2 (1 - Hpr) 



(A.17) 



We are now prepared to express the propagation of the congruence jr into the bubble, 
in terms of the open-de Sitter chart ( |A.2|) - (|A.3| ) respecting the FRW symmetry of the bub- 
ble. The spatially-flat and open de Sitter charts can be related by identifying points on the 
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hyperboloid in the Minkowski embedding space; this gives 



,^di 



H^r 



cosh(ifdT) + sinh(i/dT) cosh(,^) 

sinh(ifdr) sinh(^) 
cos\i{Hat) + sinh(i/d''") cosh(^) 



(A.18) 
(A.19) 



We see that at sufficiently late FRW times r, the spatially-flat coordinates become comoving 
with respect to the open coordinates (that is, dr/dr — )• 0), and we have 



-.H.t 



oH^r 



2 + 2 cosh(C) 



Hat 



sinh(^) 
1 + cosh(^) 



(A.20) 



Since cosh(^) > 1, the inequality H^t ^ 1 implies the inequality H^i ^> 1. Meanwhile, for 
times Hdi » 1, the geodesic given by ( A.14] ) and ( |A.15 ) asymptotes to evolution along a 
fixed value of the coordinate f. Substituting ( A. 161 ) and ( A.17 ) into ( |A.14 ), we find 



Hdv 



HpT + Hdr 



2-Hpr + H^r 
Expressing this in terms of the bubble coordinate (,, we obtain 



(A.21) 



e 



In 



l + H^r 



1 



Hpr 



(A.22) 



With the dynamics of the geodesic congruence 'jr in hand, we can now evolve the CAH 
time from deep within the parent vacuum to deep within the bubble. We first pick an "initial" 
constant- AH hypersurface Sq, which we take to coincide with the hypersurface i = in the 
parent vacuum. The scale factor is constant on this hypersurface, so it is also a surface 
of constant CAH, with rcAH = '"AH = H~^. According to (|A.22 ), a small, radial comoving 
coordinate separation Ar in the spatially-flat de Sitter slicing of the parent vacuum translates 
into a comoving coordinate separation 



AC 



(gp + ffd) Ar 
(1-Fpr)(l + Fdr) 



{Hp + Hde-^f e^ Ar 
Hp + -ff d 



(A.23) 



at times H^t ^ 1 in the bubble. To obtain the CAH in the bubble, we start with the AH 
radius tah = H^ , divide by the bubble scale factor to convert to comoving coordinates, and 
then divide by [sinh (C) A,C/r^Ar] to convert comoving bubble coordinates to comoving 
parent-vacuum coordinates on the "initial" hypersurface Sq. (Here we exploit the symmetries 
of an "annulus" centered at r = ^ = to compute the comoving volume expansion factor 
implied by the relation ( A.22D .) This gives the CAH time 



1 



rcAH 



a(r) 
'"AH 



sinh2(0 AC 
r2(C) A^ 



1/3 



32 {Hp + Fd) 



oC + ^dT 



(A.24) 



25 



Note that the CAH time depends on ^, rapidly increasing for large ^, which is a necessary 
condition for the CAH cutoff to regulate the spacetinie volume of the bubble, which is diver- 
gent on constant-r hyper surfaces. Although 9 is not constant (with respect to varying ^) on 
surfaces of constant FRW proper time in the bubble, at late times this variation is small on 
any fixed distance scale. In particular, the AH scale H^ is covered by the comoving distance 
ACAH(-r) = H-'^a-'^{T), and so 

1 de _ 6H, + 2{H,-H,)e-^-6H,e-'^ ^^^^ 

which is very small when H^^t ^ 1. This means that it was unnecessary to take the t = 
hypersurface as the "initial" constant-CAH surface with respect to which we define CAH 
time, as was done above. Since CDL bubbles in de Sitter vacua never expand beyond the 
(locally-defined) comoving AH, within the vicinity of any such bubble the spatially-flat de 
Sitter slicing serves as a constant CAH time foliation. 

Equation (A.24) gives the result we are looking for: the CAH time 6 = r^p^^i (I'^lative to 



the CAH time on the hypersurface t = in the parent vacuum) at a given point in the bubble, 
deep in the inflationary epoch. The evolution of 6 during a standard big bang cosmology after 
inflation is discussed in the main text. Note that if the vacuum energy in the parent vacuum 
is significantly larger than the inflationary energy density in the bubble, Hp ^ i^j, we obtain 

" ]HJl + ]-e-^T\^^^^\ (A.26) 



2 ^ V2 2 

which is qualitatively accurate even for Hp rather near H^. The prefactor Hp can be un- 
derstood to represent the CAH time on the initial hypersurface t = in the parent vacuum; 
had we chosen this hypersurface to reside at some earlier time t = —t^, this prefactor would 
have been iJpe p*". Meanwhile, the factor in parentheses is equal to one when ^ = 0, and 
asymptotes to 2~'^'^ ~ 0.63 at large ^. We therefore simply ignore this factor, to simplify the 
algebra without significantly changing the CAH time in the bubble. Accordingly, in the main 
text we write 

where 26q is the CAH time on the initial hypersurface Sq, taken to reside a proper time t^ 
before the point of bubble nucleation, along a comoving geodesic in the parent vacuum. 

B. Big bang cosmology 

We here describe the scale-factor and growth-factor evolution in bubbles of interest. We 
assume an initial period of curvature domination, in accordance with matching CDL bound- 
ary conditions at FRW proper time r = (conformal time rj — )• — oo), followed by inflation 
(approximated as constant vacuum-energy domination), instantaneous reheating yielding ra- 
diation domination, non-relativistic matter domination, spatial-curvature domination (again). 
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and/or cosmological-constant domination. With respect to scale-factor evolution, in (almost) 
every case we approximate the transition between these periods as instantaneous, solving the 
Einstein field equation H^ = (SvrG/S) p and the Friedmann equation p = —3H{p + p) for 
a perfect fiuid with the appropriate equation of state w = p/p (for energy density p and 
pressure density p) , and setting the integration constants so as to make the scale factor a and 
its first time derivative continuous across the transition. Approximating the growth-factor 
evolution involves a bit more finesse, described below. 

B.l Scale factor evolution 

From FRW proper time r = up until the end of inflation, we take the scale factor to be 

air) = H~^ smh{H^T) ^ ^e^<^- , (B.l) 

where here and below the arrows indicate the late time limits, which in each case we take to 
be accurate approximations for matching the scale factor onto the next phase of its evolution. 
As usual, conformal time is defined J dr/a^T); so that at late times we have 

HdV 

We assume instantaneous reheating, and thus match directly onto the scale-factor evolution 
during radiation domination (w = 1/3). This gives 



In terms of conformal time, the late-time limit corresponds to 

The above period of radiation domination gives way to a period of non-relativistic matter 
domination (w = 0), and we denote the time of the transition Teq. The actual value of Teq is 
given by microphysical parameters and will not by itself be important to our results. Matching 
the scale-factor evolution as described above, we find 

^^ 2n/6i,y2^V6 ^211/6 ^f^Va- ^ "^^ 

In hindsight, we recognize that the above combination of factors is proportional to the time 
of the transition to spatial-curvature domination (in bubbles where the number of e-folds of 
inflation is such that this precedes cosmological-constant domination), which we here note is 

3N o 

SO that a{T) -^ ^T^ V2/3 . (B.6) 



3.25/2//f ref ' ^ ^ 2 
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In terms of confornial time, the late-time limit corresponds to 



a{v) 



Z^cf] 



V 



2t7^I\^I^ . 



(B.7) 



Non-relativistic matter domination persists until spatial-curvature or cosmological-constant 
domination, at time t^ or ta- In the first case we treat the spatial curvature as a perfect fluid 
with energy density a~^ and equation of state w = —1/3. Matching onto the previous scale- 
factor evolution then gives 

a{T) =T + ^T, ^ T. (B.8) 

The time of the transition can be obtained by solving for when the Hubble rate implied by 
( p.6D is equal to the Hubble rate implied by ( |B.8| ), which confirms the result introduced with 
hindsight above. In terms of conformal time, we have 



aiv) = Ir, e^-^ 



/2r 1 

7/ = 2 + ln -- + - 

VStc 3 



(B.9) 



If the cosmological constant is precisely zero, the scale factor evolves according to the 
above curvature-dominated results all the way to future infinity. Meanwhile, for positive 
cosmological constant the scale factor is given by 



a[T 



H'^e- 



(B.IO) 

where H{^ = (|A|/3)^'^ (the absolute value being introduced for later convenience). Note that 
the transition from curvature to cosmological-constant domination occurs at ta = H^ — Tc/2. 
In terms of conformal time, we have 

-1 



a(r/)=i7^i[3 



ln(§i7ATe) 



m 



r] 



ln{^HAT,) 



^-Hat-IHatc+1 



(B.ll) 



When the cosmological constant is negative, it is not possible to proceed as above and 
model FRW scale factor evolution as if the cosmological constant were the only important 
contribution to the energy density. Therefore, for this case we include both spatial curvature 
and cosmological constant in the Einstein field equation. The solution that matches onto 
the scale-factor evolution at the end of matter domination for generic parameters Tq and H\ 
involves a complicated integration constant. Therefore we use the approximation 



a{r) 



Hjy sin 



Ha{t - Tc) + 



arcsm 



li^ATc) 



(B.12) 



for which the scale factor is continuous at r = Tc for generic parameters, and smooth when 
Tc <C HJ^ . This approximation for the phase of the sine function becomes poorer as the 
product H\Tc approaches 2/3 (when H\Tc is larger than this we use another solution for the 
scale factor), however the discrepancy becomes unimportant as r becomes much larger than 
Tc- In terms of conformal time, we have 

"1 



a{ri) = H^ sin 



2 arctan 



e''"^ tan 



rj = 2 + ln< tan 



- arcsm (^^ 
1 



HaTc 



-Ha{t -Tc) + - arcsin(|i:fATc) 



cot 



-arcsin(|i?AT-c) 



(B.13) 
(B.14) 
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After the onset of negative cosmological-constant domination, the scale factor eventuahy stops 
growing and subsequently decreases with time. The subsequent evolution then corresponds 
to the time reversal of the evolution described above, reflected about the "turnaround" time 



Ttu 



Tc + 



IT 



2Ha 



m 



arcsm 



\Hkt,) , 



Vtv. 



2 + ln<^ cot 



aicsm.{^H \Tc) 



(B.15) 



If non-relativistic matter domination gives way directly to positive cosmological-constant 
domination, then the scale-factor evolution can be written 



a(T 



3tc 
2Hl 



1/3 



,i/Ar-2/3 



(B.16) 



where in this context (i.e. when there is no epoch of late-time spatial-curvature domination) 
the transition time is given by ta = {2/3)H^ . Whether or not there is a period of spatial- 
curvature domination between non-relativistic matter domination and cosmological-constant 
domination depends on whether or not this ta is greater than t^, thus there is no epoch of 
late-time curvature domination when Tc > {2/2>)H^ . Proceeding, we write the above solution 
in terms of conformal time. 



a{r]) 



H,' 



iisH^r^ 



-1/3 



T] 



V 



HaTc 



-1/3 



'Hat+2/3 



(B.17) 



When the cosmological constant is negative, we run into the same problem as before. 
Therefore, for this case we include both non-relativistic matter and cosmological constant 
in the Einstein field equation. Since we are ultimately only interested in periods after non- 
relativistic matter domination in cosmologies with r^q <^ H~^ , we can simply take the solution 



a{T) 



3rc 
2Hl 



"\^^'^{^-HAr^ 



(B.18) 



which matches onto the late-time non-relativistic matter domination solution in the small- 
time limit. The scale-factor solution in terms of conformal time can be approximated by 



combining (B.18) with the inversion of 



^ 



(- 



\3HaTc 



^'^ i 27r3/2 2 /3 



F 



i^'l^°^'U^^" 



(B.19) 



where F is the hypergeometric function, and we have again used r^q <C -^a ^^ drop subleading 
terms. As in the case where there is a period of spatial-curvature domination, negative 
cosmological-constant domination gives way to turnaround followed by the time reversal of 
the previous scale-factor evolution. In this case the turnaround time is given by 



TT 



Uv 



3Ha 



Vtu 



27r3/2 / 2 

r(-i)r(|) V3^A^ 



1/3 



(B.20) 
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B.2 Growth factor evolution 

In the Unear approximation, a spherical top-hat overdensity in non-relativistic matter obeys 



the equation of motion (see for example [56|) 



9 T 



(B.21) 



where a = 5pra/ Pra and we have used that the non-relativistic matter density can be written 
Pm = (3/2)rc/a^. The primordial density perturbations in bubbles like ours are nearly scale 
invariant and at least approximately Gaussian; we are interested in the root-mean-square 
(rms) density contrast averaged over a comoving scale enclosing a mass M of non-relativistic 
matter. It is customary to separate this quantity into two parts, writing 



arms(Af,r)=(Tref(M)D(r) 



(B.22) 



where Uref is the rms density contrast evaluated at some reference time Tref, which we take 
to be deep into the period of non-relativistic matter domination, and D is the growth factor. 



describing the evolution of a after that. We fix a^ei to match observation [32|. 

It is customary to use the linearized equations of motion to determine the growth fac- 
tor D even after perturbations have grown so large as to make the linear approximation 
inappropriate, and to account for this convention separately (see the main text). When the 
bubble can be approximated as containing only non-relativistic matter, spatial curvature, and 
cosmological constant, (B.21) admits the solution fsH] 



D{a) 



2 V-^refy 



2/3 



7 



Hll 



+ 



Hla^ 



±1 



1/2 



c 



HAa / 3 \-3/2- 

dx[ — + l±x'^ 

X 



, (B.23) 



where 7 = {^H\Tcy'^, it corresponds to the sign of the cosmological constant, and C is an 
integration constant. The constant C is unimportant at times r ^ Tj-ef, and can therefore 
be set to zero, except after scale-factor turnaround in bubbles with negative cosmological 
constant. In that case C is determined by demanding that dD/dr is continuous at turnaround 



(the form of (B.23) guarantees that it is continuous at turnaround). Formally, this gives 



C = _ lim 




'1/2 



(B.24) 



where oturn is the value of the scale factor at turnaround. The divergence in the first term is 
canceled by a divergence in the integral, when the expressions are regulated. 



Unfortunately, we cannot obtain a closed- form expression for the integral in ( B.23 ). Nev- 
ertheless, a bit of trial and error allows us to find a set of results that reasonably approximate 
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D. To begin, we focus on bubbles with positive cosmological constant, and divide the in- 
tegration over X into two parts: one for which the sum 7^/x + 1 dominates the integrand 
(corresponding to the effects of non-relativistic matter and spatial curvature dominating the 
Hubble rate), the other for which the sum 1 + x^ dominates the integrand (corresponding 
to the effects of spatial curvature and cosmological constant dominating the Hubble rate). 
These two parts are matched at x = 7, which corresponds to when the energy density in 
non-relativistic matter is equal to the energy density in cosmological constant. Accordingly, 
for H\a < (|i/A'^c)^'^; in which case 2; < 7 over the entire range of integration, we write 



D(a) 



2 V^rcf; 



2/3 



Tref/ 



2/3 



Hh 



1 + 



Hla^ 



1/2 



Ha^ / 3 



dx{ — + l 

X 



-3/2 



37^ 37^ 



Hj^a H^a 



1 + 



7 



H\a 



1/2 



arcsinh 



{HKa)'" 



y3/2 



(B.25) 



where the prefactor H{a)/H\ has been modified from ( |B.23| ), in accordance with the above 
approximation, to improve accuracy and provide continuity in the full result. Meanwhile, for 
Haq > {^HaTcY^^ we write 



D{a) 




H^a 



dx (7^ -h 1 + X^) 



-3/2 



37^arcsinh(7 ^) 



(B.26) 

where we have added the term 7^ to the second integrand because it significantly improves 
the accuracy of the approximation. 

The case of negative cosmological constant is treated similarly. Indeed, we do not sig- 
nificantly increase the error if we compute D{a) as if the cosmic fluid contained only non- 
relativistic matter and spatial curvature all the way up to scale-factor turnaround (of course 
we continue to use the scale factor solution that includes the effect of negative cosmological 
constant). This gives (B.25), now with the understanding that the result applies only for 
r < Tturn. For later times, we incorporate the integration constant C mentioned above. How- 
ever, due to the present approximation, D{a) is not continuous at aturn for any given value 
of C, so we set C to the particular value for which the solution is continuous. This gives, for 

T -^ ''"turn) 

1/2 



D{a) 



-) 



2/3 



7 



H)^^ 



+ 



1 



R'pi^ 



2-^67'^ 



37M 1 + 



-f^Afl 



-1/2 



(1 + 7^) 



3^1/2 



7 



R)^^ 



+ 



1 



^1«^ 



-1/2 



67 arcsinh (7 ' ) -|- 37 arcsinh 



ifitJi) 



1/2 



7' 



3/2 



(B.27) 
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The case where non-relativistic matter domination gives way directly to cosmological- 
constant domination is included in the analysis above, as the limit of large 7. For sufficiently 
large 7, however, it is worthwhile to consider a different approximation, which improves the 
accuracy, especially with respect to the asymptotic value of D. Since for large 7 spatial cur- 
vature never contributes significantly to the post-inflationary energy density, to approximate 
this case we simply ignore the corresponding terms in (p.23). This gives 




t- / , \2/3 / ^,3 \l/2 ,.Hf,a /^,3 \ "3/2 

Trci J 7^ 

l±'-^)F{-.r^,^,T^-^^]}, (B.28) 

where again F denotes the hypergeometric function, and the upper (lower) entry of it and 
=F corresponds to positive (negative) cosmological constant. In the case A < 0, the solution 
above corresponds to D before scale-factor turnaround. The solution after turnaround is 
obtained by incorporating an integration constant, as described below ( [B.23| ), except in the 
present approximation we drop the terms associated with spatial curvature. This gives 

"^^"^ - 2 Vrrefy* 7^ V l' ) \ 3r(i) H^a\Hla' l' 

8/1 5 n H^\_(5_2H^\ (1 5 11 H^^ 

Although the scale-factor solution of the previous section ignores the effect of spatial curva- 
ture for what corresponds to 7 > 1, in the present setting it increases the accuracy of the 
approximation to use ( |B.28| ) only for 7 > 1.9 when A > 0. 

It is not difficult to numerically check the accuracy of the above approximations against 
( B.23| ), since aside from a common prefactor, they can all be expressed as functions of x = 



H\a, involving only one additional parameter 7. The approximations are poorest for 7 ~ 
0(1); several representative curves from this region of the parameter space are displayed in 
Figure |7[ Since some error is introduced by the approximations used to determine the scale- 
factor a, in Figure ^ we compare two methods to determine D{t) (as opposed to D{a)). One 
method combines ( [B.23| ) with the numerically-integrated Einstein field equation, 

Hat= / dx[- + l + x^) , (B.30) 



inverted to give a^r). The other is the method outlined above, using the approximations for 
a{T) described in the previous subsection. Although the fits are not perfect, they are sufficient 
given the other uncertainties in our analysis, and they rapidly improve as 7 becomes very 
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D(T) 





Figure 7: Comparison of two methods to compute the growth factor D{t), (1) using the approxi- 
mations developed in this appendix (solid curves) and (2) numerically integrating the linear evolution 
equation (dotted curves), for positive (left panel, where time is given in units of H^ ) and negative 
(right panel, where time is given in units of Ttum) cosmological constant, and several values of 7'^: 0.1 
(second from bottom), 0.5 (bottom), 2.0 (middle), 10 (second from top), and 100 (top). Some pairs 
of curves been r escaled to increase clarity. 



large or very small. (Note that because 7 oc e , the approximations are poorest only very 
near special values of N, and the curves of Figure survey near those special values.) 

Throughout the main text we use only the closed-form approximations for the grov^^th 
function D{a), in conjunction with the closed- form scale- factor solutions ^(t) presented in the 
previous subsection, as opposed to the more computationally intensive numerical evaluations 
to which they are compared in Figure ^. 
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